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A map f:X’-X is a UV‘-map provided for any .xt X and a neighborhood U of Y there 
exists a neighborhood V of * such that f‘-‘( V) contracts in .f ‘(U). We attempt to extend certain 
analysis of cell-like maps, which are proper (by definition) and surjective, to (neither proper nor 
surjective) UV’-maps which is an extended notion of cell-like maps in the setting of ANRs. One 
of the most interesting results we have extended is the following: If ,f: X’+ X is a UV’-map 
from an ANR X’ to a metric space X such that the non-degeneracy set of .f is contained in a 
countable dimensional G,?-subset of X, then f‘ is a fine homotopy equivalence and X is an ANR. 
An immediate corollary of the result is that if f : X’ +X is a UV’-map from an ANR X’ to a 
countable dimensional space X, then .f is a fine homotopy equivalence and X is an ANR. Also 
as a corollary of the result certain compactifications of ANRs are shown ANRs, which was 
previously shown by Kozlowski. 
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Introduction 
A proper map f:X’+X is cell-like provided point-inverses off are cell-like 
subsets. Several authors have shown that cell-like maps behave in the expected 
fashion by being fine homotopy equivalences in the setting of ANRs and by being 
hereditary shape equivalences in the general setting of metric spaces (see [l, 3, 4, 
8, 12, 15, 17, 201). An exception is due to Taylor [22]. 
Choi showed in her Ph.D. dissertation, completed under the direction of John J. 
Walsh at The University of Tennessee, that for a UV”-mapf: X’+ X from an ANR 
X’ to a metrix space X the following are equivalent: 
(1) X is an ANR, 
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(2) f is a hereditary homotopy equivalence, 
(3) f is a hereditary shape equivalence and 
(4) f is a fine homotopy equivalence. 
Since UV”-maps are not onto, the notion of a “hereditary shape equivalence” is a 
variation of that for cell-like maps, though it agrees with, say, Kozlowski’s [12] for 
cell-like maps. Using the equivalences she extended some results known for cell-like 
maps to results for UV”-maps (see [3]). 
Here we introduce the notion of slice-trivial maps which is a modified notion of 
Ancel’s slice-trivial relations, and are able to extend results for cell-like maps to 
results for UV”-maps. 
Main Theorem. If f: X’+ X is a lJV”-map from an ANR X’ to a metric space X 
such that there is a sequence {Ki} of closed subsets of X satisfying 
(1) X -UT=, Ki is countable dimensional, and 
(2) f is slice-trivial over each K, (i 2 l), 
then f is a fine homotopy equivalence and X is an ANR. 
The following is a corollary of the main theorem. 
Theorem 3. Let f: X’+ X be a UV”-map from an ANR X’ to a metrizable space X. 
Then f is a fine homotopy equivalence and X is an ANR, provided one of the following 
conditions is satisfied. 
(1) The non-degeneracy set is countable. 
(2) X is a finite dimensional space. 
(3) X is a countable dimensional space. 
(4) The non-degeneracy set is contained in a countable dimensional G,-subset of X. 
We have some applications of the results, including that certain compactifications 
of ANRs are ANRs. 
1. Definitions and notation 
Spaces are metrizable spaces. A map is a continuous function. 
A map f: X’+ X from a topological space X’ to a topological space X is a 
UV”-map provided for each x E X and a neighborhood U of x there exists a 
neighborhood V of x such that fP’( V) contracts in f-‘( U). UV”-maps have dense 
image. 
For a fixed map f: X’+ X we introduce the following notation: 
S’=_/-‘(S) for any subset S of X; 
%‘= {f-‘( U) 1 U E 021) for any family % of subsets of X. 
I denotes the unit interval [0, 11. 
A homotopy H: X x I + Y is limited by a family %! of subsets of Y provided 
{H({~}x~)~~EX} refines %. 
Jung-In K. Choi, Moo Ha Woo / Fine homotopy equivalences 63 
A map f: X’+ X is a fine homotopy equivalence provided for each open cover 
% of X there exists a map g : X + X’ such that g of is homotopic to the identity map 
on X’ with the homotopy limited by Ou’ and f 0 g is homotopic to the identity 
map on X with the homotopy limited by %. 
For a map f: X’+ X the non-degeneracy set, denoted by N,, is the subset 
{x E X 1 either f-‘(x) # point or f-‘(x) = point but {f-‘(B) 1 BE 95’} is 
not a neighborhood basis for f-‘(x), where 93 is a neighbor- 
hood basis for x}. 
Notice that for a cell-like map f: X’ +X, Nr= {x E X 1 f-‘(x) f point} and that for 
an embedding map f: X’+ X, N, =X -f(X’). 
For a subset V of X x Y we adopt the following notation: 
dom V={x~Xl(x,y)~ V for some _yE Y}; 
VlK={(x,Y)E VI x E K} for a subset K of X; 
Vlx= VI(x) for xEX; 
V(x)={yE Yl(x,y)E V} for xEX. 
Suppose U and V are subsets of X x Y with U 3 V and g: dom V+ Y is a 
(continuous) map such that the relation g c U. A slice-contraction of V onto g in U 
is a homotopy f: V x I + U satisfying 4” = inclusion V+ U, 4( ( VI x) x I) c U 1 x for 
any x E dom V and 4,( VI x) = g 1 x. If there is a slice-contraction of V onto g in U, 
we say that V slice-contracts or is slice-contractible onto g in U. 
We introduce a modified notion of Ancel’s slice-trivial relations [l] as follows. 
Suppose f: X’+ X is a map from a topological space X’ to a topological space X. 
f’ is slice-trivial over a closed subset K of X provided that for any open cover 021 of 
X there is an open refinement “I/ of “u such that y covers K and U{ V x V’I VE v} 
slice-contracts in U{ U X U’I U E “u}. If f: X’+ X is slice-trivial over X, we say f is 
slice-trivial. 
2. Results and applications 
The proof of the Main Theorem rests on the following three lemmas which are 
modified versions of Ancel’s [l]. Lemmas 1 and 2 are analogues of Lemmas 3.4 
and 3.5 of [l]. 
For a notational simplicity we adopt the following notation. For a fixed 
map f: X’+ X and a family % of subsets of X, B(q) denotes the set 
U{UXf~‘(U)lUE%}. 
Lemma 1. Let f: X’+ X be a C/V”-map from a metrizable space X’ to a metrizable 
space X. Then for any open cover Uu of X there exists an open refinement v of 021 such 
that “1’ covers X and B( 7f) I V I‘ s tee contracts in B(q) for any VE Zr. -
Proof. Let 021 be an open cover of X. Since f is a UV”-map for each x E X, there 
exist neighborhoods L, and U, of x such that L, = U,, U, E %, and L.: contracts 
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in U:. Hence for each x E X there exists a slice-contraction +!J~ of L, x L: in U, x lJL 
defined by &(w, y, t) = (w, &(y, t)) for each (w, y, t) E L, x L: x Z, where & is a 
contraction of L: in r/L. Choose an open star-refinement V of {L, 1 x E X} that 
covers X. Then for each VE 7’” we easily see that B(V) 1 Vc St( V, Y) x 
f-‘(St( V, Y)) c Lr x LL for some x E X, hence B(V) 1 V slice-contracts in B( %) for 
each VEY •i 
Lemma 2. If f: X’+ X is slice-trivial over a closed subset K of X, then for any open 
cover 021 of X there exists an open rejnement Y of % that covers X and a neighborhood 
M of K such that B( Yf) 1 M slice-contracts in B(Q). 
Proof. Let Ou be an open cover of X. Since f is slice-trivial over K, there exists 
an open refinement ‘JV of Q that covers K such that B(w) slice-contracts in 
B(q). a M K that c c c W. 
each E -U choose neighborhood of such v, M 0 
{V,]XEX-_UW} uz1. 7f= is desired 
refinement Ou that covers and Y”) M in 0 
Lemma 3. Let f: X’+ X be a map from an ANR X’ to a metrizable space X. If, for 
each open cover q0 of X, there exist sequences { ai} of open covers of X and {M,} of 
open subsets of X such that { Mi} covers X, %, refines Q,_, for each i 3 1, and B( “u,) 1 Mi 
slice-contracts in B( “21,_,) for each i 2 1, then f is slice-trivial. 
Proof. The proof of Lemma 3.6 of [l] can be transformed into a proof of Lemma 
3 by making the following changes. Let qO be an open cover of X, let [9_&] be a 
sequence of open covers of X, and let [M,] be a sequence of open subsets of X as 
in the hypothesis of Lemma 3. In the proof of Lemma 3.6 of [ 11, substitute B( qi) 
for U, for each i > 0. Then the proof of Lemma 3.6 of [ l] provides a slice-contraction 
4 of V = IJIz, {B(uZli) lint Hi} in B(%,). Now define an open cover W of X by 
W = IJ,,, {U n int Hi ( U E Q;}. Then B( 7F) = V So C$ is a slice-contraction of B( ?Y) 
in B( “21,). This proves the slice-triviality of J: 0 
Theorem 1. Let f: X’-+ X be a UV”-map from a metrizable space X’ to a metrizable 
space X. Zf there exists a sequence { Ki} of closed subsets of X such that 
(1) X -U;“=, Ki is countable dimensional, and 
(2) f is slice-trivial over each Ki (i 3 l), 
then f is slice-trivial. 
Proof. The proof of Theorem 3.2 of [ 11 can be transformed into a proof of Theorem 
1 by making the following changes. Begin by letting Qa be an open cover of X. In 
the proof of Theorem 3.2 of [l], replace each U, (i 20) by B(%;) where olli is an 
appropriately chosen open cover of X. Use Lemmas 1, 2 and 3 in place of Lemmas 
3.4, 3.5 and 3.6 of [l]. 0 
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The Main Theorem 2. Let f: X’+ X be a UV”-map from an ANR X’ to a metrizable 
space X. If there exists a sequence {K,} of closed subsets of X such that 
(1) X -UT!“=, Ki is countable dimensional, and 
(2) f is slice-trivial over each K, (i Z= l), 
then f is a fine homotopy equivalence and X is an ANR. 
Proof. f(X’) is dense in X because f is a UV”-map. Hence, according to [12, 
Theorem 51 and [3, Theorem 61, it suffices to show that for each open cover Uu of 
X, there is a map g : X + X’ such that g of is homotopic to id,, by a homotopy 
limited by f-‘( %) = {f-‘( U)) U E “u}. Let % be an open cover of X. Let V be an 
open cover of X that star-refines %. Theorem 1 implies that f is slice-trivial. Hence, 
there is an open cover W of X and a slice-contraction of 4 of B( ?Y) onto a map 
g : X + X’ in B( 2r). Let rr : X x X’+ X’ denote a projection, and define a homotopy 
F:X’xI+X’by F(x,t)=vo +{(f(x), x), t}. Then F is a homotopy from idx, to 
g of which is limited by f-‘(a). 0 
We find out the following applications of the Main Theorem are very interesting. 
Theorem 3. Let f: X’+ X be a UV”-map from an ANR X’ to a metrizable space X. 
Then f is a fine homotopy equivalence and X is an ANR provided one of the following 
conditions is satisfied. 
(1) The non-degeneracy set is countable. 
(2) X is a finite dimensional space. 
(3) X is a countable dimensional space. 
(4) The non-degeneracy set is contained in a strong transfinite dimensional subset 
of x. 
(5) 7’he non-degeneracy set is contained in a countable dimensional C,-subset of X. 
Proof. It is enough to show that condition (5) is sufficient for the UV”-map f: X’+ X 
from an ANR X’ to a metrizable space X to be a fine homotopy equivalence, which 
follows from the following lemma and the Main Theorem. In fact Ancel [l] showed 
that a strong transfinite dimensional subset of a metrizable space is contained in a 
countable dimensional GA-subset of the metrizable space. q 
Lemma 4. Let f: X’+ X be a map from an ANR X’ to a metrizable space X. If K is 
a closed subset of X such that N, n K = @, then f is slice-trivial over K. 
Proof. Let 011 be an open cover of X. Since N, n K = (il, we see that f-’ 1 K : K + X’ 
defines a continuous function. Hence we can find a neighborhood W of K and an 
extension g : W+ X’ off-’ 1 K. Furthermore the map H : [{(x, f-‘(x)) 1 x E K} x I] u 
[{(x, y) (x E W, f(y) = x} x (0, l}] + X’ defined by H(x, y, t) = y for each (x, y, t) E 
{(x,f-‘(x))lxEK)xL H(x, y, 0) = y and H(x, y, 1) =g(x) for each (x,_v)E 
{(x,Y)(xE W,f(y)=x} has an extension H from a neighborhood N of 
{(x,f-‘(x))lxE K]xLu{(x,y)( x E W, f(y) =x} X (0, l} in W X X’X I to X’. Using 
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the compactness of I, we find a neighborhood L of {(x,f-‘(x)) Ix E K} in W x X’ 
such that L x I c N and define a slice-contraction 4 of L in X x X’ as 4 (x, y, t) = 
(x, H(x, Y, t)). Since $({(x,f-‘(x)) I xEK}XI)cU{Uxf~'(U)(UE~}, L con- 
tains a neighborhood M of {(x,f-‘(x)) 1 XEK} in XxX’ such that +(MxI)c 
lJ{ U xf’( CT) 1 U E Q}. Using E,- n K = 0, for each x E K, we find a neighbor- 
hood V, of x with V, xf’( V,) c M such that v= { V, Ix E K} refines %. Then 
we can easily see that v is an open cover of K that refines 021 such that 
U{V,xf’(VJ V,E “Ir] 1‘ s ice-contracts in lJ{ U xf-‘( U) ( U E “u}. 0 
Due to Daverman and Walsh [7] who found a cell-like map from a compacturn 
with non-trivial shape onto the Hilbert cube such that the non-degeneracy set is 
contained in the countable dimensional subset by modifying Taylor’s example [22], 
we can easily find a cell-like map from the Hilbert cube onto a compacturn with 
non-trivial shape such that the non-degeneracy set is contained in the countable 
dimensional subset. With this example in our hand, we see that Theorem 3 is the 
best possible theorem. 
As an immediate application of Theorem 3, we can show certain compactifications 
of ANRs are ANRs, which was previously shown by Kozlowski [12] by defining 
fine homotopy inverse mappings. We also refer the reader to an extension of 
Kozlowski’s result obtained by Sher in [21]. Let us recall a definition of the endpoint 
compactification EX of a connected locally compact locally connected space X 
following the description of Raymond [19]. Note that since X is assumed to be 
metrizable, it is separable. Let E be the set of all open subsets of X with compact 
closures. Partially order E by specifying V sUifandonlyifVcl?.ForeachUEE 
let E, be the finite set of components of X - U whose closures are not compact, 
i.e. the unbounded components of X - U, and if V c U let rr,v : EU + Ev be the 
function which assigns to each unbounded component C of X - U the unique 
unbounded component of X - V containing C. The points of eX are the points of 
X along with the element e (the endpoints of X) of the inverse limit of the system 
IF,, ryu}. For each x E X a neighborhood system of x in EX consists of all open 
neighborhoods of x in X; for each endpoint e, a neighborhood system consists of 
the neighborhoods N(e,, U) = n-U(e,)u{eln,(e)=n-,(e,)}, where UE E and 
rTTu : {all the endpoints} + EU is the projection of the inverse limit onto EU. Then 
EX is a locally connected metric continuum containing X as an open dense subset. 
An ANR Y will be said to be homotopically trivial at infinity provided that every 
compact set C is contained in a compact set D such that any component of Y - D 
contracts in Y - C. 
Theorem 4. If X is a connected locally compact ANR which is homotopically trivial 
at injnity, then the endpoint compactiJication FX of X is an ANR and the inclusion 
map X + EX is a jine homotopy equivalence. 
Proof. Since X is homotopically trivial at infinity, the inclusion map i : X + EX is 
a UV”-map. By noticing that the non-degeneracy set of i is EX -X and EX -X is 
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O-dimensional, by Theorem 3, we see that EX is an ANR and the inclusion map 
X + FX is a fine homotopy equivalence. q 
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